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We showthattheU (1, 1) (super)Chern—Simonstheoryis one-loopexact.Thisprovidesa
directproofofthe relationbetweentheAlexanderpolynomialandanalyticandReidemeister
torsions.We then computeexplicitly thetorsionsof Lens spacesandSeifertmanifolds using
surgeryandthe SandT matricesof theU(1, 1) Wess—Zumino—Wittenmodelrecentlydeter-
mined,with completeagreementwith knownresults.U (1, 1) quantumfield theoriesandthe
Alexanderpolynomialthusprovide“toy” modelswith anon-trivialtopologicalcontent,where
all ideasput forwardby Witten for SU(2) andtheJonespolynomialcanbeexplicitly checked,
at finite k. Somesimplebut presumablygenericaspectsofnon-compactgroups,like themod-
ified relationbetweenChern—SimonsandWess—Zumino—Wittentheories,arealsoillustrated.
We commenton thecloselyrelatedcaseof GL(1, 1).
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1. Introduction

Quantumfield theoryplaysanincreasingrole in thestudyof topologicalinvar-
iantsin low dimensions[1]. In his seminalpaper [2] Witten hasshownhow
SU(2) Chern—Simonstheorygivesriseto theJonespolynomial for links in S3,to
newthree-manifoldinvariants,andto new“Jones” invariantsof links in mani-
folds. Subsequentdevelopmentshavetakenplacein severaldirections.In partic-
ular,three-manifoldinvariantshavebeendefinedmorerigorously [3—5]andtheir
interrelationsstudied[6]. Also three-manifoldinvariantshavebeenexplicitly
obtainedvia surgeryandtheS andTmatricesof the Wess—Zumino—Wittenthe-
ories,either numerically [7] or analytically [8]. Of particular interestin that
casehasbeenthe large-kexpansion[2,9], in whichthe analytictorsion [10],
equalto the Reidemeistertorsion [11,12], appears.Ofcoursethe completethree-
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manifoldinvariantsin the SU(2) casecontainmoretopologicalinformationthan
thetorsion.

Following theserecentworks on the Jonespolynomial,the older Alexander—
Conway~ polynomial [14,15] hasbeenreconsideredandpartlyput in thismore
modernperspective[16,17]. It appearsinterestingto do soin order,for instance,
to gainmoreinsighton thetopologicalmeaningoftheJonespolynomialitself,or
to haveat handa casewheresimplecomputationscanbe madeandthe whole
constructiontested.In ref. [17], the S and T matricesof the U(1, 1) Wess—
Zumino—Wittenmodelhavebeencomputed,andit hasbeenshownhow surgery
allowsoneto computethe multivariableAlexander—Conwaypolynomialof links
in S3. The purposeof this letteris to studyinvariantsof manifolds andtheir re-
lationswith torsion.

Relationsbetweentorsionandthe Alexanderinvariant arewell known: in ref.
[18] Turaev,following previousworkby Milnor [191,hasestablishedthe equiv-
alenceof the Alexanderpolynomialof links in three-manifoldsandthe Reide-
meistertorsion of the complementsof thoselinks as well as the torsion of the
manifolds themselves.Recallingthe abovementionedequalityof Reidemeister
andanalytictorsion,wecompleteherethe relationsof thesethreemathematical
objectsby showingin section2 that the Chern—Simonstheorybasedon U(1, 1)
is one-loopexact,thusprovidingadirect relationshipbetweenthe Alexanderpo-
lynomial andanalytictorsion.

We thencomputein section3 Alexanderpolynomialsof links in a variety of
LensspacesandSeifertmanifoldsusingtheSandTmatricesof the U(1, 1) Wess—
Zumino—Wittenmodel,andextractfrom themReidemeistertorsions.Suchcom-
putationsaredonein the large-klimit for, e.g.,SU(2)but hold for finite k here
duetotheone-loopexactness.Section4dealswith manifoldswith aninfinite H

1.
Someconclusionsaregatheredin section5.

2. One-loopexactnessof U(1, 1) Chern—Simons

In all this paperwe usenotationsof ref. [161. Recall the expressionof the
“classical” U(1, 1) Chern—Simonsactionin components,

S~1= ~- J ~ d
3x, (2.1)

wherewehaveset

~ (2.2)

$11 By Alexanderpolynomialwe referto theoriginal invariantdefinedup to powersof thevariablet.

By Alexander—Conwaypolynomialwereferto its normalizedversion.Seeref. [13] andreferences
therein.
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Recallthatthegeneratorssatisfytherelations

~ ~ [N,~]=—~, Eiscentral. (2.3)

We considerfirst purelybosonicflat connections,determinedby

F~”=ô’~A~—&A~=0, F~=ô~A~—&A~=0. (2.4)

They arelabelledby mapsfrom H1 (4) into U(l )NXU(l )E (H1 arisesinstead
of H1,U (1) beingabelian).Sincethebosonicgeneratorscommuteamongthem-
selves,flat connectionsarealwaysreducible.

Theone-loopapproximationto three-manifoldinvariantsis obtainedas in the
standardcase.Call A~ acompleteset of gaugeequivalentflat connectionson
the manifold4. Assumethat thereis afinite numberof them,andfor the mo-
mentthatnoneof themarereducible.Expandingthefields aroundA ~ we geta
quadraticaction,to be supplementedby propergaugefixing terms,afterametric
is pickedon4. TheAE andANdegreesof freedomcommutewith A ~ andthe
resultingintegrationsdo not dependon it. We get in the notationsof ref. [2]

(det(4))
2/ldet(L...fl (2.5)

[eachactingon “one-colored”objects,asopposedto thethreecolorsfor SU (2)1.
ForA~andA~+weget, dueto statistics,theinverseof the aboveresult,but with-
out absolutevalueandwith the operators4 andL— beingtwistedby theA ~
partof the flat connection(theA~ partis central,the generatorE commuting
with theentirealgebra).IntroducingtheChern—SimonsinvariantS~f~of theflat
connectionweget

(det(A))2 ~ et~~det(L~±~) (26)

Idet(L_)J2’~ (det(4~))2

Thephaseof det(L~) is given, as in theU(l )N case,by

i— J ~ (2.7)

Thisterm just combineswith the classicalChern—Simonsactionto incorporate
theappropriatequantumcorrections[16], which amountsto replacing

AN-~A~=AN+~AE. (2.8)

Up to theprefactoroutsidethesum,thethree-manifoldframingandspectralflow
contribution[7J, wethusgetfor eacha the inverseof the analytictorsion (in-
steadof its squareroot in the SU (2) case)as definedin refs. [10,2]. Owing to
refs. [10—12]this analytictorsioncoincideswith the “algebraic” Reidemeister
torsionas definedin ref. [20] andweightedby the exponentialof the Chern—
Simonsaction. The inversedefinition is also usedin the literature,as in refs.
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[18] and [19], andthis is what we shall do here.For clarity we introducethe

name[18] ofMilnor torsionso (2.6)becomes

(trivial) ~
tMi!

(anddependingon the way this torsionis defined,we usethe labelanalytic or
algebraic).It is interestingto noticethatthepartitionfunction (2.6) dependson
the global framingof themanifold throughthephaseof det(L ~). Thisdepen-
dencewheninterpretedfrom atwo-dimensionalpoint of view correspondsto a
centralchargec= —2. Ontheotherhand,the U(1, 1) WZWmodelhasc= 0. The
naivecorrespondencebetweenChern—SimonsandWZWtheories,wellknownin
the compactcase,doesnot holdhere,illustrating ref. [21] [the U(1, 1) WZW
model is still expectedto give riseto topologicalinvariantssincesuchinvanants
canbeshownto makesensefrom apuretwo-dimensionalconformalfield theory
point of view [4,13], althoughthe necessaryaxiomaticshaspresumablyto be
modified]. Fortunatelythecorrectcorrespondenceis easyto establish,anddoes
not spoilanyof the resultsin refs. [16,17]. Onesimplyhasto changethecoupling
of one of the free bosonsin the free field representationof theU(1, 1) WZW
model,andatthesametimeconsiderit as antiholomorphic.The SandTmatri-
ces that follow are simply deducedfrom the onesin ref. [17] by S—÷— S,
T-÷exp(im/3)T, giving an apparentcentralchargec= —2. All otherresultsare
unchanged.

Equation(2.6) is actuallyone-loopexact.Thiscanbeshownusinga strategy
similar to ref. [22]. Forsimplicity forget for a while gaugefixing. We compute
thenthe partition functionof somethree-manifoldby first performingthe func-
tional integrationoverA~., whichproducesadeltafunction

~ , (2.9)

so the integralover the variableAE is restrictedto AE flat connections~ =0.
Assumeasbeforethatthereisafinite numberof them,calledA~o)~ For eachsuch
connectiontheintegraloverA~andA~+is aGaussianintegral,so wegetthe ratio
ofthedeterminantofthekineticoperatortwistedby A~a)overtheabsolutevalue
of the samedeterminantbut untwisted,wherethedenominatororiginatesin the
Jacobianfor the constraint~ = 0. Now let us take gaugefixing into account.
Infinitesimalgaugetransformationscanbewritten

ôA~÷=8~w5,÷—A~w~+. (2.10)
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We choosethegaugefixing conditions

~ =0, (2.11)

where

~ D~E)A~÷=ô~A~+—A~A~+. (2.12)

Theseconditionsareimplementedby addingapair of bosonicanda pair of fer-
mionic Lagrangemultipliers to the action:

0E 0N Xw, x~.We alsointroducea
pair of ghostsb, c for eachspeciesto restorethecorrectintegrationmeasure.The
ghostactioncontainsthefollowing couplings:

bEäpôpcE, 0, bw(ô~~cE)A~,_bw+(aPcE)A~+,

0, bNôo8~cN, 0, 0,

0, bNa11(A~+cr~),bWD/itE)D~~E)CW,0,

0, bNô~(A~c~),0, bW+D~E)D~~E)CW+. (2.13)

IntegrationoverANproducesagainthe condition (2.9). However,onealsohas
to integrateoverthe Lagrangeparameter0E, 0N so the completeJacobianpro-
ducesin thedenominatortheabsolutevalueofthedeterminantof untwistedL—.

IntegrationoverAE is now restrictedto the sumoverflat connectionsA ~. We
alsointegrateoverXw, ~ to ensuregaugeconditionsfor 4,4+.We canthen
integrateover the fermionic ghost bE to producea first determinantof the
LaplacianA togetherwith a 5 functionthat restrictsto zero modesof CE with
respectto ô‘~3~. We havethereforeô~~cE= 0. Now the integral over the bosonic
ghostb ~‘ producesthe inverseof the determinantof the twistedLaplacianand
restrictsto zeromodesof c

t’ with respectto D~’E)D~’E),so we haveD~’E)c5’=0.
The term b~”~a/1(A~+c51) thenvanishesidentically thanksto D~~E)CW=Oandthe
gaugefixing conditiononA ~.+. Similar resultsareobtainedfor integrationover
b W All non-diagonalcouplingsthusdisappearandwecanfinally integrateover
bN. The couplings(2.13) canthereforebereducedto the diagonal,from which
thecorrectratio of squaresof determinantsofthe Laplacianis immediatelyob-
tained.Having gottenrid of the ghostswe integrateover all remainingvariables
to producethedeterminantofthetwistedL— in the numerator.

Ofcourse,integrationsoverA~ andA ~. mustbeperformedindependentlyfor
eachU(1 )E andU(1 )N bundleoverthemanifold.Recall thatU(1) bundlesare
classifiedby mapsfrom H

1(4) into U(1 ). Also, whenthebundleis non-trivial,
we musttake into accountthe correctform of theChern—Simonsactionin the
manifold4. Following ref. [23] it is easyto showthat, for a given bundleand
its pairofAE,ANflat connections,the correctactionfor agaugefield A isthesum
of the actionof the flat connectionA~ andthe “naive” actionof the difference
a=A—A (a) WethusrecovertheS~1phasefactorsof (2.6).We canthenintegrate
freelyoverato recovertheprecedingresultin eachbundle.Summingoverall the
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bundlesrestoresalsothesumoverAN flat connectionsthatwas missingsofar, so
werecoverexactly(2.6).

Our model behavesmuchlike the superISU(2) model in ref. [22]. In the
latterreference,however,the equivalentof flat connectionsF~= 0 involvesalso
aquadratictermsothe two determinantsin (2.6) would bothbe twisted, and
canceleachother,giving aresultsimply equalto aphasefor eacha, thatsumsup
to the SU(2) Cassoninvariant.Our modelalso bearssomeresemblancewith
2+1 dimensional gravity, whose partition function would write [22]

cx ~ (TMI1) —! Seealsoref. [241.
The formula (2.6) requirescorrectionsfor possiblynon-trivial cohomologies

H’~(A~°~)and H1~(A~). According to refs. [7] and [25] a non-trivial
H°~(A (0)) requiresan extra factor of 1/Vol (H), whereH is the subgroupof
U(l, 1) commutingwith all theholonomiesof theconnectionA (a)• Thecohom-
ology H~(A~)is always non-trivial for a U(l, 1) connection. Generally
H=U(1)EXU(1)N,forwhich [17]

1/Vol(H)=V=1/2k. (2.14)

However,if theholonomyis asubgroupof U(l )E (i.e., if A~=0 in acertain
gauge, which we also call pure AN flat connections),then H=U(1, 1) and
Vol (U(1, 1)) is equalto zero [17]. We thusget adivergingthree-manifoldin-
variantthatcanneverthelessbecomparedwith theinvariantof areferenceman-
ifold, sayS3. ForAN flat connections,thedeterminants(afterpropersubtraction
of zero modes)of twistedanduntwistedoperatorscoincidein (2.6) so eachof
themcontributesby a factorunity, asthe Chern—Simonsactionvanishes.Other
flat connectionshavea finite contribution,andthusare “unobservable”in that
case(but seelater). Thereforewe simply countmapsfrom H

1(4) into U( I )E

with the result

~t(JI)/d%(S
3)=order(H

1(4)) , (2.15)

whereorder = cardhere. This holdsup to aphasefactorencodingthe global
framingof themanifold [17], andaslongastheH1 of themanifold isfinite. If it
is infinite, thereis acontinuoussetof mapsinto U( 1 )E andthe sumover flat
connectionshasto be replacedby an integral (seenextparagraph).The final
resultispresumablyfinite, so (2.15)shouldstill holdif wedefinetheorderto be
zerowhenthe cardinalis infinite:

order=cardifcard.<oo, order=0otherwise. (2.16)

Theresult (2.15) thenagreeswith the numericalvalueof the Milnor torsionof
4 for thetrivial representationof its H1 (seeref. [18]). Recall that in ref. [17]
we recovered(2.15) by surgerycomputationsusing S and T matricesfor the
U(l, 1) WZW model. Taking into accountthe modified correspondencebe-
tweenChern—SimonsandWZWtheoriesgivesananalogousresult,up to achange
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of framingdependencec=2-.÷c=—2.
A non-trivial H’,(A (a)) signalsthe existenceof a continuousfamily of flat

connections,parametrizedby amoduli space.Thismeansthat the sumin (2.6)
hasto be replacedby an integralover that space.H~1(A(a)) takesvaluesin the
adjoint representationof U(1, 1). Its bosonicpartBos (H.’~(A (0))) is equalto
the tensorsquareof theordinarycohomologyof4 overthe realnumbers:

~ . (2.17)

A particularexampleof anon-trivial Bos(H~(A(a))) is providedby themani-
fold S

2xS1 andwill beconsideredlater.
Let us finally discussthe fermionicflat connections.First onecaneasilyshow

that for anyfinite subgroupof U(1, 1), eachelementis conjugateto a purely
bosonicone.In thecaseof aLensspace,for instance,for whichH

1=Z~,thereare
thereforeonly bosonicflat connections(up to gaugeequivalence)andthe pre-
cedingdiscussionsuffices.In general,if a flat connectionhasa fermioniccom-
ponent,the latter cannotbe isolated,which impliesanon-trivial fermionic part
of H.~(A(a)) In that casethe fermionic integralcannotbe saturated,andthe
contributionto thepartition functionvanishes.Thisagreeswith the fact thatnon-
trivial Ferm(H~(A~))) correspondsto azero mode in the operatorL~ in
(2.6).We shallencountersuchanexamplein thestudyof Seifertmanifolds.

Supposenow we considera link L in 53~As discussedin refs. [16] and [17]
usingskeinrelationsas well as surgeryandSandTmatrices,theU(1, 1) WZW
modelshouldgive riseto its multivariableAlexanderpolynomial.After taking
into accountthe properChern—SimonsWZW correspondence,weexpectasimi-
lar result to hold for U(1, 1) Chern—Simonstheory. Let uscommenton this,
usingnowapurelythree-dimensionalpointof view.

Recallfirst thatthedefinitionoftheAlexanderpolynomialusedhereis theone
adaptedto the multivariablecase,i.e.,we dividethe generatorof the Alexander
idealby t— 1. Onehasto set t=exp(—2iire/k) to matchwith quantumfield the-
ory results~ The knotcomplementhasH1(S

3—K) =Z andthe variablet of the
Alexanderpolynomialcorrespondsto thegeneratorof thisH

1 for algebraiccom-
putationof torsion.Call17theinfinite cyclic multiplicativegroupwith generator
t. Recall the resultof Milnor [19] that the Alexanderpolynomialof a link in ~3

isequalto the“algebraic”torsionof its complement(bothobjectsbeingdefined
moduloHhere).

As far asanalytictorsionisconcernedlet usgo backto theChern—Simonspoint
of view. We cancut out a tubularneighborhoodof theknotKandcomputethe
functionalintegralin two steps.First we integrateoverthe interior of the solid
torus,whichresultsin awavefunctionforthegaugefield A atits boundary.Choose
coordinatessuchthat dx

1 is alongthe meridian,dx2 is alongthelongitude,dx°

S2 Thetusedhereis equalto thesquareof thevariabletin ref. [17].
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pointsinward. The holonomyofA1 beingfixed [26] (anddeterminingthe flat
connectionof the complement)we get the conditionthat the component ~of
the fluctuatingpartof one-formshasto vanishat the boundary.To insurethat
L_ isantihermiteanandA is hermitean,we askalsothatzeroformsvanishatthe
boundary.In theexterior theargumentleadingto (2.6) andits exactnesscanbe
applied.We getthereforethe appropriateratio of productsof determinantssub-
ject to theseboundaryconditions.Unfortunatelytheydo not reproducethe “ab-
solute”or “relative” boundaryconditionsusedin ref. [10], for whichtheequal-
ity ofanalyticandalgebraictorsionwas proven[11], but ratherareamixture of
them.We suspect,however,thatthe ratio of determinantsin theanalytictorsion
is not too sensitiveto boundaryconditions.As an argumentin that direction,
notice,as provenin ref. [19], thatthechaincomplexQ(t)®

11 C~(K, Z) (where
Q(t) is the field of rationalfunctionsin t overrationalnumbersandg is the
infinite cyclic coveringof thecomplement),is acyclic.Accordinglythe algebraic
torsion [10] is well definedmoduloH, independentlyof the metric chosenon
S

3— K [101. Also thealgebraictorsionof theboundaryis equalto onemoduloH
[19]. Thereforefollowing ref. [10] we expectthatthe analytictorsionsfor rela-
tive or absoluteboundaryconditionsshouldbeequalup to powersoft.

It wouldbeinterestingto clarify the abovediscussion,in particularconcerning
the role of H. If we assumethat boundaryconditionsinherited from Chern—
Simons indeedlead to the Milnor torsion, we see that the Milnor theoremis
equivalentto theexactnessoftheone-loopcomputationin U(1, 1) Chern—Simons
theory.

3. Torsionof LensspacesandSeifertmanifolds

We computein this sectionthetorsion of someLensspacesandSeifertmani-
foldsusingsurgeryandthe SandTmatricesoftheU(1, 1) Wess—Zuminomodel.
Dueto theone-loopexactness,the torsionis extractedatfinite k.

Flat connectionsthatarenot pureANgivea finite contributionto thepartition
function, but we do not know how to extractit in a rigorousfashion from the
abo~einfinitebackground.Thereis, however,awell-definedprocedurethatgives
correctresults;it consistsin computinginvariantsof the manifold with special
links insidethat actas “observers”andfactorout the pureAN flat connections.
To explainthislet us firstconsidertheexampleof theLensspaceL (q, p) = X(p/
q). Let usput aknotKin it as follows: we startwith S2xS’,removeasolid torus
DX S’ that containsa Wilson loop carryingthe representation(en/I), andglue
it backaftertwisting theboundaryby a SL(2, Z) matrix with first column (c).
Supposemoreoverp/q hasthe simplecontinuedfractionexpansion

p/q=a
2—l/a1 , (3.1)
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andwe suppose ~= q for simplicity (like in L ( q, — 1), otherwisetake complex
conjugatesof the final expressions).To computethe correspondinginvariantwe
follow thegeneralstrategy,i.e.,apply Ta2STc~Sto len/I> andevaluatethe scalar
productof the final statewith I n= 0>. Recallthe U(1, 1) 5 matrixelements

S~7’=—iVexp{—(2i,~/k)[e’(n—l/2)+e(n’—l/2)]}, (3.2)

where ñ=n+ (e/2k), V=l/(2k),

5ñ’ ~exp(_2i~en’/k) 33
en/1 2 sin(ire/k) ( . )

Recall also the Tmatrix

T~=exp2iir[(ii—1/2)e/k+~] . (3.4)

Onefinds [17]

.91(L(q,p), K) = —iV
2 exp[~ii~(a

1+a2)]

exp{(2iir/k)[qe’(n’—l/2)—e’(ñ—l/2)—e(ñ’—l/2)]} (35)

~ e~O 2 sin(ire’/k)

Theresultdependsthereforeon thenumberof solutionsin the fundamentaldo-
main [17] ofthe equation(for theunknowne’)

qe’=emod2k. (3.6)

If thereis no solutionthe invariantvanishes.
It is instructive to interpret the above resultgeometrically.The empty Lens

spacehasH1 = Zq with a generatorg that satisfiesg~=1. If we considernow the
complementof the above knot K in the Lensspace(obtainedby removingatu-
bularneighborhoodofK) it is easyto seethat it hasH1= Z with generatort sat-
isfying g~=t. This complementis in fact the secondsolid torus in the surgery
prescription,i.e., it isthesameas for a simpleloopS

1 embeddedin S3. However,
dueto thetwistingof the boundary,“from theS3 pointof view” thegeneratorof
the11~of thecomplementisg. Hencethe invariantshouldbeobtainedby taking
theformulafor the invariantin 53 but replacing the e chargeby e’ = e/q mod 2k,
as we indeed find. The phaseterm comes preciselyfrom the twisting of the
boundaryof thetoruswhichturnsinto anon-trivial self-framinghere.In a“clas-
sical” theory of the Alexanderpolynomial,theinvariantof K in the Lensspace
wouldnot dependon arithmeticpropertiesas (3.6). In thequantumtheory,how-
ever,chargequantizationcanmakethis invariant vanish.

The aboveresult is recoveredusingtheclassicalcomputationsof Alexander
invariants[14]. RepresenttheH

1 of theknot complementas

{t,g:tg~=1} . (3.7)
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Thenthe matrixof Fox derivativesis [27]

Iit~, —t(t~ —1 )/ (t- 1/q_ 1)11, (3.8)

so the Alexander polynomial is, up to a power of t,

AA1exXl/(t’”~l) . (3.9)

Noticethatthereis an ambiguityif wewantto givea “numericalvalue”to this
Alexanderinvariant,sinceseveralrootsof t canbe chosen.This is manifestin
(3.5),wherethe expressionin the right handsideis periodic in e mod2k, and
canbeinterpretedagainas aquantumeffect.

Ofcourseourpurposeis not so muchto computeinvariantsof links in mani-
folds but to extractfrom thempropertiesof the manifold itself,usingthe link as
an “observer”,andletting ultimately theE chargecarriedby its Wilsonloop go
to zero (mod 2k). Notice that,strictly speaking,thisprocedureis not allowedin
the quantumfield theory,wherechargestake discretevaluesandarelimited to
the fundamentaldomain.Let usclarify this. Supposethereis asingle solutionto
(3.6): e’=e/q. Thenthe invariantis

.9%(L(q,p), K)= —iVexp[~iir(a1+a2)]

X exp[—(2i~/k)(e/q)(ñ—l/2)] (3 10)
2sin(ire/kq)

Let ustakenowthe (formal) limit e=e0—~.0. Onefinds then

1(L(q,p))~°~—~—exp[~iir(a1 +a2)] —~—. (3.11)
4ire0

Thisagreeswith thecomputationof theinvariantof an“empty” Lensspace[17]:
it is the orderof the homology,q, up to aframingfactoranda numericalfactor
thatcoincideswith the invariantof 53• The limit (3.11) is of course determined
by pure AN flat connectionsonly. Supposenow we take the (formal) limit
e=e0+2J7cwith e0-40andf=0,..., q— 1. In thatcaseonehas

~“(L(q,p),K)~=—iVexp[~iir(a1 +a2)]

X exp[—(2iir(e0+2fk)/kq](fl—l/2)] (3 12)2sin[~’r(e0+2fk)/kq]

Thishasafinite limit forf~0. IndeedtheEchargeof theWilson1oopconstrains
the holonomy t andpureAN flat connectionsareprojectedout. As we explain
next,thelimit is thentheMilnor torsionof the appropriateflat connection.

To dealwith a slightly morecomplicatedcaseconsiderthe Lens spaceL (p,
—q) with p/q the sameas in (3.1). We now put in L two Wilson lines in the
followingfashion.We startwith 5

2x5’, removeasolid torusDx S’ whereweput
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a loop carrying somerepresentationI en/I>, andglueit backafter twisting the
secondDx 5’ whereweinsertedaloop carrying e’n ‘/1>. Thepartitionfunction
is obtainedby takingthescalarproductofSTa

2STI~~SIen/I> with I e’n’/I>. Only
two-dimensionalrepresentationsappearnow in the intermediatestatesandthe
computationlooksmuchlike in the U(1) case.Summingoverintermediatestates
gives riseto arithmeticconstraintsas before.Solvetheseconstraintsformally by
takingtheirsimplestsolutionas above,thisgives,up to framingof the manifold
andfactorsdependingon konly,
exp~ —2i~ [a

2e(ñ—l/2)+a1e’(fl’—l/2)+e’(ñ—l/2)+e(ñ’—l/2)]

.k(a1a2—I)

(3.13)

Sincep=a,a2—1, q=a, wecanseta2=q* with

q*qlmodp (3.14)

From now on we set e’=O. As beforeweset e=e0+ 2fk, b=0, ..., p—I and we let
e= e0-+ 0 to extract properties of the Lens space itself. Weget, collecting all factors,

~(L(p, q), K,, K2)~=i Vexp[~im(a, +a2)]

_4imq*f
2

Xexp
p

1—2i,r 1
xexp

1 [(2n_l)q*f+(2n/_l)f]j.. (3.15)

In the first exponential we recover the Chern—Simons action of the U(1) flat
connection associated with the representationofH~=Z~:g=w

1~w=exp(2im/p).
The E charge being 0 or a multiple of 2k the Wilson loops behave as observers
and simply projectontoaparticularflat connectionofthe Lensspace;the second
exponential then measures their holonomies. For simplicity we have factoredonto
flat connectionswith trivial ANpart; it suffices to consider n= n

0+f’k to extract
theremainingones,whosecontributionsdiffer from (3.15)by phasefactorsonly
(theirtorsionisthesame).

Now (3.15) is actuallythe partition functionof the particularflat connection
timesthe productof two traces,onefor eachWilson loop. We thereforededuce
thecontributionof theflat connectionitself,

_4i7v~*f
2

iVexp[~ir(a~+a
2)]exp . . * . (3.16)

p 4 sin(2irf/p) sin(2irq f/p)

The factor V occurs, as explained earlier, as the inverse of the volume
U(l )EXU(l )N. The first exponential occurs from the framingof theLensspace
and the i from spectral flow [7]. The second exponential gives the Chern—Simons
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action[thereis no kfactorheredueto theform of (2.7)].Forgettingfor awhile
the torsionof the trivial representationandcomparingwith (2.6),we conclude
thatthefractionis equalto theMilnor torsionof the flat connection,

t~—l/iw2~1I ~2q*f 11 , (3.17)

inagreementwith theknownresults[28]. A similarresultfollows from theabove
calculationfor L(q, p) above.In thatcase,sinceonly oneloop hasbeeninserted
in the Lensspace,one hasto divide only by onetrace. However, theother sin
term hasalreadybeenprovidedby theS matrixelement,asisusuallythecasefor
computationsof Alexanderinvariants.Finally the computationcanbe general-
izedto arbitrarycontinuedfractionexpansionasin ref. [17] with similar results.

Dividing by the tracesof the Wilson 1oopshasalso a torsioninterpretation.
Indeed,in ourcasewe havethe factorizationt(M)=r(M—K1’)r(K”) [19,29]
(wherewe usedthe fact that the torsion of the boundaryis one) andK” is a
tubularneighborhoodof K. r(K”) is thetorsionof asolidtorus,whichis alsothe
complementof S’ into S3, andfor which weknow thatthe torsion (upto phase
factors)isequalto AAlexX 1 / (t 1).

Thecompletecomparisonwith (2.6) involvesanadditionalfactorequalto the
torsionof the trivial flat connection,well definedonly aftera homologybasisis
chosen.With theusualchoice,m =p [7] here.We aremissingthistermin (3.16)
becausewedid not treatthearithmeticconstraintsin themostcorrectfashion.

Let usnow remedythis. We first considerfor awhile the caseof U (1). For
level K wehavetheSandTmatrices

Sab= ~=exp(—2i,Eab/K) , Taa=expim(a2/K—~) , (3.18)

wherea, b=0, ..., ic— 1 andK is even.Notice thatthesematrixelementsarein-
variantundertranslationsof a, bmodK. Let usnowcomputetheinvariantof the
Lens space L (p, — 1) with two WilsonlinescarryingrepresentationsI a> and I
asabove.We have

~(L(p, —l),K,,K
2)=exp(—iirp/l2)

x !‘~‘ exp[~ (_2ab+Pb2_2bc)]. (3.19)

Wewould like to perform the resummation of (3.19) in a formal way, without
using finite Gaussian sumformulas [8]. Due to the translation invariance of the
exponent in (3.19) we can extend the summation for b overtheentire setZ. Let
usalsosumoveramod K. Wewrite symbolically (we suppress for a while the
framing factor, which is all that is implied in the symbol x)
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dt(L(p, —1),K,,K2)a

x ~ ~ exp[~(_2ab+Pb2_2bc)]exp(_2i7rnab), (3.20)
fl~EZ bcZ K

whereA are“normalizationfactors”.The sumover ~a, however,dueto the last
exponential,constrainsby itselfb to be an integer.We can thereforereplacethe
secondsumby an integral,droppingatthe sametime oneof the normalization
factors,

~(L(p, —l),K1,K2)x

~ ~ (3.21)

Compute now the Gaussian integral over b:

j
1I2 1 ut

~t(L(p,_1),K,,K
2):Y~~exp[~(a+c+Kna)2]. (3.22)

The exponential in (3.22) is invariant under shifts of na modp so we cansplit
thesumover~a asasumoverfandasumovern with ~a =f+ np. Thesumovern
produces a multiplicity cancelling the normalization factor so we get

ill2 p~i
~(L(p, _l),K,,K2)c7==~~exp[_—~_(a+c+!cf)2]. (3.23)

Let now a=c=0 to get (afterreinstallingthe framingfactor)

P’
2 p—I —iThKf2

~(L(p, _l))=exP(_i~P/l2)
7=~exp( ). (3.24)

This result can of course be recovered by a correct treatment of the “normaliza-
tion factors”, i.e., by regularizingthe sums. The interpretationof (3.23) is
straightforward.We haveagainasumoverU(l) flat connections.The determi-
nantsarenot twistedsoas aglobal factorwe get the inversesquareroot of the
torsion of the trivial flat connection. The factor of K as abovecomesfrom the
volume of the group, since connections are reducible. Wedo not have to divide
by the contributionof the insertedloop in that case,sinceit is simply equalto
one, so we can suppress the label Kin the final result (3.24).

This methodreproducescorrectresultsin the SU (2) caseas we demonstrate
now. ConsideragaintheLensspaceL (p, — 1) with aWilson line carryingspinj
(in unitswherespinsareinteger).We find
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1/2

~t(L(p, _l),K)=(2P(~+2)) exp(—~iirp)

X ~ exp[ _2iir(k+2)f2/p][cos(27rfJ/p) exP(2~
2))

(—iir(j+2)2\1—cos(2irf(j+2)/p)exp~2(k+2)p )]~ (3.25)

If we set j=0 we recover the result of ref. [8] (up to framing, for which we have
put no corrections here). Let us instead consider the limit k—~cx. Wegetthen

1/2

~t(L(p, _l),K)n~(~) exp(—~iirp)

ICy— 1)/21

x ~ exp[—2irkf2/p] 4sin(2irf/p) sin(27rf(j+1)/p) . (3.26)
f=1

The first sin in this formula is the inverse of the torsion of the complement. The
secondterm can be explainedas before.It arisessincethe Wilson line creates
some “small” (of order 1/k) background field through the holonomy condition.
This field coupleswith the “strong” (oforderk°)flat connectionfield propor-
tional to f so thattheycontributeabilinear term in the Chern—Simonsaction.
Due to the overall normalization in this action, the final contribution does not
depend on k. The analog in the U(1, 1) case was a simple exponential: we get
hereasindueto Weyl reflection,so in factwehaveto dealwith two holonomies
of opposite sign (see, e.g., ref. [26]). To get the contribution to the partition
functionof themanifolditselfwehaveto dividethisresultby thecontributionof
theloop, which is thecharacterof the spinj representationevaluatedatthe cor-
respondingvalueof theholonomy,

sin(2irf(j+ 1 )/p)ch(holonomy)= . . (3.27)
sin(2irf/p)

Wethus get in the end the contribution of the flat connection to be sin 2(2irf/p)
as expectedsincethe usualvariableq* = 1 here~. The sum in (3.26) runs only
from 1 to the integerpart of (p— 1 )/2 dueto “folding” of flat connectionsby
Weyl reflection. Notice the case f=p does not contribute at this order. This is
becauseforf=p onehasto divide by the entirevolumeof the group,which con-
tributesadditionalfactorsof k in the denominator.Appropriatefactorsof p ap-
pearalso in that case.The torsionis alsoobtainedfrom (3.25) or (3.26) by
letting 1=0. The point is that we cannot put directly the identity representation
in the Alexander case since then one gets an expression dominated by pure A~

~“ This is theinverseoftheMilnor torsionwith ourdefinitions.
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flat connections.
We cannowgetbackto U(1, 1). Theaboveresummationmethodappliedfor-

mally in thatcasedoesnot runintothearithmeticconstraintsoftheabovedirect
calculation;it canbeconsideredasanansatzto extractthefinite contributionsto
the partition function of manifolds. In the case of the Lens space L (p, q) we
reproducewith this ansatzthe result (3.16) togetherthis timewith the contri-
butionof thetrivial connection.Let usratherdiscussthemoreinterestingcaseof
a Seifert manifold X(p1/q1, p2/q2, p3/q3). It is obtained from S

2xS’ by obvious
generalization of the construction of the Lens spaceL(p, q)=X(q/p). Recallthat
the H, has a presentation {h, g,, g

2, g3 ~Th~~x= 1, x,x2x3= 1, h central}, while
order(H, (X) ) =p, p2p3+permutations(weassumefor simplicity it is positive,
otherwiseonehasto takethe absolutevalue).For furthersimplicity we restrict
to q1 =q2=q3= 1. Put in each of the three tori D

2xS’ a Wilson loop carrying a
representation (e

1n,/I). Put on the last torus (en/I). Wecompute the invariant
by actingon eachstatewith Tn’S. As before,constraintsare met, which, when
solvedformally,wouldgive (wesuppressedfor awhile framingfactors)

I 2iir[ P1P2P3 ( e,
~

x(~i~_1/2+n_l/2)_ ~ei(ñi_l/2)]}

Xsin2[~ P1P2P3 ~- +e~l. (3.28)
L k P,P2+PIP3+P2P3\. ~P~ I]

The detailedstructureof H,, i.e. of the flat connections,dependsnow on the
arithmeticpropertiesofp,. Settinggenerallythe e• to beappropriatemultiplesof
2k, we shallreadthe Chern—Simonsactionandtheholonomiesin the aboveex-
ponential.Thetorsionwill beobtainedbydividingby aproductoftracesfor each
Wilson1oop,hencewill havethe form of r=sin

2/sin4,as is known.To get further
resultswe canapply the resummationansatz.After computationsone finds for
instancethat, if P2+P3 andp, P2+P,p

3+p2p3=P are coprimes,and if we set
e2 = e3 = e=0,

~t(X(p,,p2,p3),L)= ~exp[~iir(p,+p2+p3)]

P~ /—4iir . (2,r
X ~ exp( (p2+p3)f

2 )4 sin~—~-p
2p3fJ, (3.29)

f° \E / /

which should completelydescribethe structureof flat connectionsin that case,
with torsion
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sin(2itp2p3f/P) (3 30)
— 4sin(2ir(p2+p3)f/P) sin(2irp2f/P) sin(2mp3f/P)

while the exponentialgives the Chern—Simonsactionandthe prefactorthe tor-
sionof thetrivial representationequalto order(H,(X))=P. Noticethat (3.30)
cansometimesvanish, indicatingthe existenceof azeromodeof L ~. We have
not found(3.30) in theliterature.It is compatiblewith thetorsionscomputedin
ref. [30] andwith variouslimiting cases.

4. Manifoldswith aninfinite H1

UsingS andTmatrices,invariantsof manifoldswith aninfinite H, havealso
beencomputedin ref. [17]. Thesimplestcasewas

~S
2xS’)=0 (4.1)

[this is obtainedbeforedividing by ~%(53)]. Themeaningof (4.1) in termsof
conformalblockswas discussedin ref. [17]. We cannowrecoverthisresult from
the torsion point of view by consideringS2x S’ as the particular Lens space
L(0, 1). SinceH, (L) =Z, thereis a continuumof flat connectionsparametrized
by their holonomyalonganon-contractiblecycle,

h=exp[i(En+Ne)] , (4.2)

whereE and N arethe U(1, 1) generatorsdefinedin (2.3),while

~=tjA~dx~, ~=#A~dx~~. (4.3)

The corresponding torsion is

(44)
— 4 sin~(ne/k)

Note thatthe manifold S2x 5’ canbe formedby glueing togethertwo solid tori,
so t istheproductof their torsions.

The invariantof S2x S’ is proportionalto the integral of the torsionover the
moduli spaceof flat connections:

~(S2xS1)xJ& . 21 . (4.5)
sin (x/2)

Suchanintegralappearedin ref. [17] in theexpressionfor thevolumeof U(1, 1).
We concludedtherethatthisintegralwhenproperlyregularizedhasto besetequal
to zero,hencereproducing(4.1).
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The integrandin (4.5) is the squareof the “denominator” in the Weyl char-
acterformula. It is alsothe Jacobianfactor for switchingfrom the integralover
the group to the integral over its maximal torus. This is not a coincidence: for a
general bosonic Lie group Gthe torsion for S2 x S’ is

(A) — iaA/2 —iaA/2 2 (4
e —e ,

a>O

where2= ~ A /L dx~belongsto the Cartansubalgebra.Indeed,the one-loop ap-
proximationof theChern—Simonspathintegralover 52x 5’ with two Wilsonlines
carryingrepresentationsi andj of Galong the non-contractible cycle, expresses
orthonormalityofKac—Moodycharacters[2] by

$ dAtU~x,(2)x
1(2)=511, (4.7)

mt/W

wheremt/W denotesthemaximaltorusfactoredovertheactionof theWeylgroup,
andx~,1(2)are the characters of the representations i andj.

Moregenerally,it is interestingto considerthe Milnor torsionof themanifold
X~x 5’ andcompareit with the formulafor the invariant obtainedin ref. [17].
By glueing andusingthe basicformulaof the torsionof asolid torus,onefinds
first of all [25,30]

(4.8)

The one-loopapproximationto the pathintegral,which we expectto be exact
here,involvesan integral overthe moduli spaceof flat connections.We assume
thatthis canbe simply computedby integrating(4.8) over e, the ratio of deter-
minantsin (2.6) becomingameasureon themoduli space[22]. Onefindsthen

2,r
2h—2$ ).~~~.22h—2n~O (2h~_2)S eh_~~~)

=22 2(~ 1) (4.9)

Thisbinomial coefficientis easilyinterpretedin termsof conformalblocks.It is
preciselythe invariantobtainedin ref. [17], up to somestatisticsfactor. This
additionalfactorarosein ref. [17] dueto thesplitting in the quantizationofthe
WZW model I en> —~ I en/1>, I en/2>. It is a puzzlingproblemaboutthe WZW—
CS correspondenceto interpretsuch splitting from the three-dimensionalpoint
of view.

5. Conclusions

We finally would like to commentaboutU(1, 1) versusGL (1, 1). In many
respects,thesetwo groupsdiffer as their respectivebosonicpartsU(I) x U(1)
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andR x R do. Their representationsaresimilar; in the formercasethe numbers
e, n arequantized,while they takecontinuousvalues in the latter. Both groups
havea trivial H3 so the level k is not quantizedin theWess—Zuminotheories.
Althoughthebosonicpartof U(1, 1) is compact,in bothcasesthe corresponding
part in the Wess—Zuminoactionhas indefinite metric with signature(1, — 1).
Both theoriesleadto aspectrumunboundedfrom below.Most computationsin
ref. [16], in particularthe computationof four-point functions,apply to both
cases.S andTmatriceshavesimilar properties,althoughfor GL(1, 1) onehas
to integrateovere, n in surgerycomputations(thetreatmentof indecomposable
andone-dimensionalrepresentationsis thenquitesubtle).Strictly speaking,the
endof section 5 andsection7 in ref. [16] apply to U(l, 1) only (this is not
indicatedin the publishedversion).Consideringnow Chern—Simonstheories,
bothgroupsleadto the sameinvariant,theAlexanderpolynomial,for links in 53~

Their differenceappearswhendealingwith invariantsof links in morecompli-
catedmanifolds.Foremptymanifoldsin particular,thereare (order(H1))2 flat
connectionsfor U(1, 1), but only the trivial onefor GL(1, 1). Up to the respec-
tive volumesofthe groups,invariantsareequalto order(H1)in the formercase,
to 1 in the latter.
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